Abstract. We enumerate and describe the Sylow p-groups of the group of polynomial permutations of the integers mod p n . MSC 2000: primary 20D20, secondary 11T06, 13M10, 11C08, 13F20, 20E18.
Introduction
Fix a prime p and let n ∈ N. Every polynomial f ∈ Z[x] defines a function from Z p n = Z / p n Z to itself. If this function happens to be bijective, it is called a polynomial permutation of Z p n . The polynomial permutations of Z p n form a group (G n , •) with respect to composition. The order of this group has been known since at least 1921 (Kempner [10] ) to be
where β(k) is the least n such that p k divides n!, but the structure of (G n , •) is elusive. (See, however, Nöbauer [15] for some partial results). Since the order of G n is divisible by a high power of (p − 1) for large p, even the number of Sylow p-groups is not obvious.
We will show that there are (p − 1)!(p − 1) p−2 Sylow p-groups of G n and describe these Sylow p-groups, see Theorem 4.5.
Some notation: p is a fixed prime throughout. A function g : Z p n → Z p n arising from a polynomial in Z p n [x] or, equivalently, from a polynomial in Z [x] , is called a polynomial function on Z p n . We denote by (F n , •) the monoid with respect to composition of polynomial functions on Z p n , and by (G n , •) its group of units, the group of polynomial permutations of Z p n .
The natural projection of polynomial functions on Z p n+1 onto polynomial functions on Z p n we write as π n :
The order of F n and that of G n have been determined by Kempner [10] in a rather complicated manner. His results were cast into a simpler form by Nöbauer [14] and Keller and Olson [9] among others. Since then there have been many generalizations of the order formulas to more general finite rings [16, 13, 2, 6, 1, 8, 7] . Also, polynomial permutations in several variables (permutations of (Z p n ) k defined by k-tuples of polynomials in k variables) have been looked into [5, 4, 19, 17, 18, 11] .
Polynomial functions and permutations
To put things in context, we recall some well-known facts, to be found, among other places, in [10, 14, 3, 9] . The reader familiar with polynomial functions on finite rings is encouraged to skip to section 3. (Reviewers take note that we do not claim anything in section 2 as new!)
Definition. For p prime and n ∈ N, let
If p is fixed, we just write α(n) and β(n).
Proof. Easy.
Remark. The sequence (β p (n)) ∞ n=1 is obtained by going through the natural numbers in increasing order and repeating each k ∈ N v p (k) times. For instance, β 2 (n) for n ≥ 1 is: 2, 4, 4, 6, 8, 8, 8, 10, 12, 12, 14, 16, 16, 16, 16, 18, 20, 20 , . . ..
The falling factorials (
, and representation with respect to this basis gives a convenient canonical form for a polynomial representing a given polynomial function on Z p n .
Fact.
Proof. Induction on k using the facts that (m)
Comparing the canonical forms of polynomial functions mod p n with those mod p n−1 we see that every polynomial function mod p n−1 gives rise to p
2.4 Corollary. Let (F n , •) be the monoid of polynomial functions on Z p n with respect to composition and π n : F n+1 → F n the canonical projection.
(1) For all n ≥ 1 and for each f ∈ F n we have |π
(2) For all n ≥ 1, the number of polynomial functions on Z p n is
is uniquely representable as
Proof. The canonical representation is obtained by repeated division with remainder by (x p −x), and uniqueness follows from uniqueness of quotient and remainder
coincide. This gives (1), and (2) is just the special case n = 2.
We can rephrase this in terms of ideals of Z[x].
Corollary. For every n ∈ N, consider the two ideals of Z[x]
Therefore, J n = I n for n ≤ p, whereas for n > p, J n is properly contained in I n . (2) 
Proof.
(1) and (3) follow immediately from Lemma 2.5 for n = 2 and (2) and (4) then follow from Fact 2.7.
2.9 Remark. Lemma 2.8 (2) implies that the inverse image of G n under π n : F n+1 → F n is G n+1 . We denote by π n : G n+1 → G n the restriction of π n to G n . Then Corollary 2.4 implies, for all n ≥ 2, 
Proof. 
The formula for |G n | then follows from Remark 2.9.
This concludes our review of polynomial functions and polynomial permutations on Z p n . We will now introduce a homomorphic image of G 2 whose Sylow p-groups bijectively correspond to the Sylow p-groups of G n for any n ≥ 2.
A group between G 1 and G 2
Into the projective system of monoids (F n , •) we insert an extra semi-group E between F 1 and F 2 by means of monoid epimorphisms θ : F 2 → E and ψ : E → F 1 with ψθ = π 1 .
The restrictions of θ to G 2 and of ψ to the group of units H of E will be group-epimorphisms, so that we also insert an extra group H between G 2 and G 1 into the projective system of the G i .
In the following definition of E and H , f and f ′ are just two different names for functions. The connection with polynomials and their formal derivatives suggested by the notation will appear when we define θ and ψ.
Definition. We define the semi-group (E, •) by
where
We denote by (H, •) the group of units of E .
Lemma.
(1) The identity element of E is (ι, 1), with ι denoting the identity function on Z p and 1 the constant function 1.
(2) The group of units of E has the form
where g −1 is the inverse permutation of the permutation g and 1/a stands for the multiplicative inverse of a non-zero element a ∈ Z p , such that
Note that H is just a wreath product (designed to act on the left) of the permutation group S p and a cyclic group of p − 1 elements (here appearing as the multiplicative group of units of Z p ). Now for the homomorphisms θ and ψ.
Definition. We define ψ : E −→ F 1 by ψ(f, f ′ ) = f . As for θ :
) -this is well-defined by Lemma 2.8 (1).
(i) θ : F 2 → E is a monoid-epimorphism.
(ii) The inverse image of H under θ :
(iii) The restriction of θ to G 2 is a group epimorphism θ : G 2 → H with |ker(θ)| = p p .
(iv) ψ : E → F 1 is a monoid epimorphism and ψ restricted to H is a groupepimorphism ψ : H → G 1 .
Proof. (i) follows from Lemma 2.8 (3) and (ii) from Fact 2.7. (iii) follows from Lemma 2.8 (4). Finally, (iv) holds because every function on Z p is a polynomial function and every permutation of Z p is a polynomial permutation.
Sylow subgroups of H and G n
We will first determine the Sylow p-groups of H . The Sylow p-groups of G n for n ≥ 2 then are obtained as the inverse images of the Sylow p-groups of H under the epimorphism G n → H .
Lemma.
Let C 0 be the subgroup of S p generated by the p-cycle (0 1 2 . . . p−1).
Then one Sylow p-subgroup of H is
where f ′ = 1 means the constant function 1. The normalizer of S in H is
Proof. As |H| = p!(p − 1) p , and S is a subgroup of H of order p, S is a Sylow
The first coordinate of (g,
which is equivalent to g ′ being constant on every cycle of g −1 f g, which is equivalent to g ′ being constant on Z p , since f can be chosen to be a p-cycle.
Lemma. Another way of describing the normalizer of S in H is
Proof. Let σ = (0 1 2 . . . p − 1) and f ∈ S p then f σf
all numbers taken mod p. This is equivalent to f (x + 1) = f (x) + k or 
Observe that each S (C,φ) is a subgroup of order p of H . Different pairs (C,φ) give rise to different groups: Suppose S (C,φ) = S (D,ψ) . Then C = D and for all x ∈ Z p and for all f ∈ C we get
As C is transitive on Z p the latter condition is equivalent to
which means that ϕ = kψ for a nonzero k ∈ Z p .
There are (p − 2)! cyclic subgroups of order p of S p , and (p − 1) p−1 equivalence classesφ of functions ϕ : Z p → Z p \ {0}. So the number of pairs (C,φ) equals (p − 1)!(p − 1) p−2 , which is the number of Sylow p-groups of H , by the preceding corollary.
In the projective system of groups
the kernel of the group epimorphism G n → H is a finite p-group for every n ≥ 2, because, firstly, the kernel of π n−1 : G n → G n−1 is of order p β(n) by Remark 2.9, and secondly, the kernel of θ : G 2 → H is of order p p by Lemma 3.2 (iii). So the Sylow p-groups of G n for n ≥ 2 are just the inverse images of the Sylow p-groups of H : 
One particularly easy to describe Sylow p-group of G n corresponds to a constant function ϕ and the subgroup C generated by (0 1 2 . . . p − 1) of S p . It is the inverse image of S defined in Lemma 4.1 and consists of those polynomial functions on Z p n which are mod p a power of (0 1 2 . . . p−1), and whose derivative is constant 1 mod p.
One last remark: Each Sylow p-group of G 1 = S p is isomorphic to C p , where C p denotes the cyclic group of order p. Also, it is not difficult to see (using the description of G 2 in [6] ) that the Sylow p-groups of G 2 are of the form C p ≀ C p .
It is an open question, posed by W. Herfort (personal communication), if every finite wreath product C p ≀ C p ≀ . . . ≀ C p of cyclic groups of order p can be embedded in G n for some n.
